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Abstract. A model for sawtooth oscillations in tokamak experiments is outlined. A threshold
criterion for the onset of internal kink modes and a prescription for the relaxed profiles
immediately after the sawtooth crash have been implemented in a transport code that evolves
the relevant plasma parameters. In this paper, applications of this model to the prediction of
the sawtooth period and amplitude in projected ITER discharges are discussed. It is found
that sawteeth can be stabilized transiently by the fusion alpha particles in ITER for periods
that are long on the energy confinement timescale (τE ≈ 5 s). The sawtooth period depends
on the amount of reconnected flux at the preceding sawtooth crash. When Kadomtsev’s full
reconnection model is used, the period can exceed 100 s. The sawtooth mixing radius following
long duration sawtooth ramps can easily exceed half the plasma minor radius, raising questions
about the desirability of transient sawtooth suppression.

1. Introduction

Sawtooth oscillations [1] are periodic relaxation oscillations of the plasma temperature,
density and other plasma parameters in the central region of a tokamak discharge, which
develop when the magnetic winding index on axis,q0, drops below unity. A slow rise
(the sawtooth ramp), determined by transport and heating, is followed by a rapid drop (the
sawtooth crash), triggered by the instability of an internal kink mode with toroidaln = 1
and dominant poloidalm = 1 mode numbers (in short, anm = 1 mode). The temperature
and density profiles become flat after each sawtooth crash, up to themixing radius, rmix,
which is somewhat larger than theq = 1 radius of the pre-crashq profile. The current
density also changes during this sequence, although the experimental evidence indicates
that complete flattening of theq profile does not always occur. In addition, the relative
change in theq profile is large only for the so-calledmonster sawteeth[2], for which the
period between consecutive crashes becomes a finite fraction of the local resistive diffusion
time (monster sawteeth are actually sawtooth-free periods during which the internal kink
instability is suppressed, then terminated by a giant crash).

Sawtooth activity is expected to play an important role in ITER plasmas [3], especially
in view of the relatively high values of the normalized beta parameter,βN > 2 (βN ∼
(aB/I)β × 102, with I the plasma current in MA,B the magnetic field in T anda the
horizontal minor radius in m) and low values of the safety factor near the plasma edge,
qψ ≈ 3 (which entail values of the sawtooth mixing radius,rmix, larger than half of the
plasma minor radius) at which ITER discharges are intended to operate.

∗ This paper is an extended version of a contribution to the 22nd EPS Conference on Controlled Fusion and
Plasma Physics held at Bournemouth, UK, July 1995.
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It is well known that the assumption of flat profiles over a significant fraction of the
minor radius in ITER would lead to a significantly reduced confinement margin when
compared with peaked profiles. Therefore, because of uncertainties in the sawtooth
behaviour and pressure profile inside theq = 1 surface, the conservative assumption of
flat pressure profiles was adopted to demonstrate that ignition could be reached even under
extreme sawtoothing conditions [3]. This optimistic conclusion can be contrasted by a more
pessimistic point of view, according to which the thermal diffusion coefficients between
the mixing radius and the plasma edge (the so-calledconfinement region), that can be
shown to fit the experimental profiles in existing tokamaks under not-so-extreme sawtoothing
conditions, would be further enhanced in ITER, as the dominantm = 1 poloidal component
of the internal kink mode couples withm > 1 harmonics, which extend to the plasma edge.
In fact, at the relatively high values of beta expected in ITER, these harmonics could reach a
significant amplitude. As a consequence, one may expect coupling to edge localized modes
and other low-n modes, leading to a net loss of plasma energy at each sawtooth event.
While such an occasional event would not have an important effect on the average energy
balance, it is difficult to estimate the probability of a disruption induced by it. Coupling to
high-n ballooning modes is also a possibility suggested by recent TFTR experiments [4].
These couplings would be most severe when the mixing radius exceeds 50% of the plasma
minor radius.

Experimental evidence in support of the pessimistic point of view are the so-called
X-events concomitant with sawtooth relaxations in JET high performance discharges [5],
the fact that the plasma confinement often degrades abruptly following monster sawtooth
crashes with large mixing radii [2], and enhanced MHD activity in high-β TFTR [6] and
DIII-D discharges [7]. On the other hand, evidence of frequent sawtoothing and flat central
profiles, in agreement with the optimistic point of view, can be found in some JET low-qψ
discharges, both in L- [8] and H-mode [9]. It must be stressed, however, that few discharges
can be found from existing tokamaks, that simultaneously satisfy the requirements of high
βN ≈ 2 and lowqψ ≈ 3, hence the reason for the unsettled argument on the danger of
sawteeth in ITER. Recent experimental efforts in all major tokamaks world-wide aim at
exploring operation regimes of more direct relevance to ITER.

The main purpose of this paper is to describe a sawtooth crash trigger model, which,
when implemented in a transport code, allows a determination of the sawtooth period and
amplitude in tokamak discharges. Preliminary versions of this model were used to simulate
the sawtooth behaviour at JET under a variety of plasma conditions, going from ohmic [10]
to auxiliary heated discharges [11] and discharges with non-inductive current drive [12]. In
this paper, we concentrate on the simulations of sawteeth in ITER obtained by the PRETOR
transport code [13].

Relevant issues include the effects of fast particles, most notably the fusion alpha
particles, and of auxiliary heating, on the stability of internal kink modes. The model
discussed in this paper is based on the present theoretical understanding of sawteeth.
However, it should borne in mind that this understanding is incomplete, especially with
respect to the specification of the relaxed current density profile. A heuristic relaxation
model based on incomplete sawtooth reconnection is outlined in this paper. This model is
used to test the sensitivity of the sawtooth period to the amount of reconnected flux at each
sawtooth crash. Nevertheless, open questions persists and more work is needed.

This paper is organized as follows. In section 2, we present general considerations for
the relevant instability regimes in ITER. In section 3, we discuss in more detail the stability
threshold for internal kinks and the sawtooth crash. The relaxation model is discussed in
section 4. In section 5, we present preliminary PRETOR simulations of ITER sawteeth.
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Concluding remarks follow in section 6. In appendix A, we present reference values for
the relevantm = 1 stability parameters. Analytic approximations for them = 1 perturbed
potential energy are discussed in appendix B.

2. Instability regimes

It is of interest to compare the values of the relevant sawtooth and plasma parameters in
ITER and in JET, the latter chosen as representative of present day large size tokamaks.
Table 1 exhibits the characteristic values of the Alfvén time,

τA =
√

3R/vA (1)

of the local resistive diffusion time,

τη = 4πr̄2
1/η‖c2 (2)

(r̄1 ≈ κ
1/2
1 r1 is the average radius of theq = 1 surface andκ1 its elongation), of the energy

confinement time,τE, and of the sawtooth period,τsaw, without and with fast particle
stabilization (discharges with intense alpha particle heating in ITER and with ICRF heating
in JET) (see also appendix A). The values ofτsaw for ITER approximately reflect the
expected ITER performance. Assuming that, in the absence of high energy particles, the
relevant sawtooth threshold in ITER is associated with a critical pressure gradient (see the
next section), thenτsaw should scale with the confinement time, which is expected to be
about 10 times longer in ITER than in JET. On the other hand, when the influence of high-
energy ions becomes important, the duration of the sawtooth-free periods is limited by the
penetration of the current density (i.e. the expansion of theq 6 1 region), thusτsaw can be
assumed to scale with the resistive diffusion time, which is up to two orders of magnitude
longer in ITER than in JET. These guesses will be shown to be reasonable in section 5,
where we present our preliminary simulations of ITER sawteeth.

Table 1. Reference values of relevant time scales for ITER and JET.

ITER JET

τA 2 µs 0.6µs
τη 1 × 104 s 0.8 × 102 s
τE 5 s 0.5 s
τsaw (without fast particles) 1→ 10 s ?? 0.1 → 5 s
τsaw (with fast particles) 10→ 103 s ?? 0.51 → 0.5 s

The sawtooth crash is triggered by the onset of anm = 1 mode. Several factors
influence the dynamics of these modes. First, there is a macroscopic drive, associated with
an effective potential energy functional,δW , modified by the kinetic effects related to the
high energy particles (e.g. the fusion alpha particles) and to the thermal trapped particles.
Considering the relatively low density of these particles, kinetic effects are additive to the
ideal MHD potential energy. Thus, formallyδW has the form

δW = δWmhd + δWKO + δWfast. (3)

The ideal MHD term,δWmhd, includes the effects of toroidicity and of plasma shaping
[14, 15]. The fast particle term [11, 16],δWfast, and the Kruskal–Oberman term [17–19],
δWKO, which represents the effect of collisionless thermal trapped ions, are stabilizing (i.e.
positive), at least for standard tokamak profiles. Them = 1 mode is ideal-MHD unstable
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when δWmhd is negative and kinetic effects are negligible. Detailed expressions for the
various terms inδW are given in appendix B.

Secondly, whenδW is close to zero (to be quantified below), the mode dynamics is
determined by microscopic effects (i.e. nonideal effects, such as resistivity, ion Larmor
radius, diamagnetic frequency, etc.) in a narrow layer around theq = 1 surface, where
reconnection of magnetic field lines can occur. In this sense, the relevant instability threshold
is usually a threshold againstm = 1 magnetic reconnection.

Finally, the parallel plasma dynamics associated with toroidicity modifies the ideal
MHD equation of state and leads to an enhancement of the effective plasma inertia, which
determines the rate at which the linear instability can grow [20, 21]. However, this effect
has not yet been quantified in the relevant limit where the reconnection layer width is
comparable to the ion Larmor radius (see below).

Let us quantify the meaning of ‘δW close to zero’. An evaluation of the relevant
microscopic parameter near theq = 1 surface (see table 2 and appendix A) indicates that
the relevant regime form = 1 magnetic reconnection in ITER is the so-calledion-kinetic
regime [22], characterized by the inequalities

ρi > δη > de (4)

whereρi = vthi/�ci is the thermal ion Larmor radius,δη = s
−1/3
1 S−1/3r̄1 is the resistive

layer width,s1 = r̄1q
′(r̄1) is the magnetic shear parameter at theq = 1 surface,

S = τη/τA (5)

is the magnetic Reynolds (Lundquist) number, andde = c/ωpe is the inertial skin depth.
In this regime, the width of the reconnection layer is determined by the ion Larmor radius,
while the collisional resistivity is more important than the electron inertia [23] in determining
the effective impedance to the parallel electric field in the generalized Ohm law. AtδW = 0
and neglecting diamagnetic frequency effects, the characteristic growth rate of the internal
kink mode in the ion-kinetic regime is [22]

γρ = Cρ(τ)ρ̂47S−1/7s
6/7
1 τ−1

A (6)

whereCρ(τ) = [2(1 + τ)/π ]2/7, τ = Te/Ti and ρ̂ = ρi/r̄1.
Let us introduce the ion diamagnetic frequency,

ωdi = (vthi/rp)ρ̂ (7)

where rp = | dpi/dr|−1pi is the ion pressure scale length atq = 1, and the normalized
potential energy functional

δŴ ≡ − 4δW

s1ξ2ε2
1RB2

(8)

whereε1 = r̄1/R andξ is the radial displacement of the magnetic axis. In the asymptotic
limit

−δŴ > max{ρ̂, (ωdiτA/2)} ≡ −δŴcrit (9)

where layer physics effects become unimportant, the internal kink growth rate normalized
to the Alfvén time reduces toγ τA ≈ −δŴ .

Layer physics plays an important role when|δŴ | 6 |δŴcrit|. In particular, when
|δŴ | < ρ̂, the m = 1 mode structure changes its nature from that of a global internal
kink to that of a drift-tearing mode localized near theq = 1 surface, which is normally
stable because of kinetic layer effects at high plasma temperatures [24, 25]. In this context,
the electron drift wave frequency near theq = 1 surface,ω∗e, also plays a role, and we
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shall assume thatω∗e ∼ −ω∗i . In the interval−ρ̂ < −δW < −δŴcrit, the m = 1 mode
can be stabilized by ion diamagnetic and electron drift wave frequency effects, allied with
the effective plasma viscosity [26] (a sink of ion momentum). The stabilization criterion
requires values ofω∗i a few (2–4) times larger than the growth rate evaluated atω∗i = 0.
When the growth rate in equation (6) is used, the relevant threshold can be translated in
terms of a critical magnetic shear near theq = 1 surface (see the next section).

Let us comment briefly on the role of the kinetic effects contributing to the potential
energy functionalδW . The Kruskal–Oberman theory [17–19] applies to the collisionless
thermal trapped ions for characteristic mode frequencies exceeding the thermal ion
diamagnetic frequency. Forω ∼ ω∗i , the part of the potential energy functional contributed
by the trapped ions becomes frequency dependent and an electrostatic trapped-ion branch
of the dispersion relation can become unstable [27, 28]. However, for ITER parameters, we
find that typicallyδŴKO > ω∗iτA; therefore, the Kruskal–Oberman limit is considered to be
appropriate.

The stabilizing influence of the high energy ions is a consequence of the conservation
of the third adiabatic invariant, i.e. the magnetic flux linked through the fast trapped ion
precessional drift orbits [11, 29]. This non-MHD constraint becomes relevant when the
high-energy trapped particles complete many such orbits within a characteristic magnetic
perturbation time of order|δŴ−1

core|τA, i.e. when

chωDhτA > −δŴcore (10)

with ch a numerical factor of order unity and

δŴcore = δŴmhd + δŴKO (11)

the core plasma potential energy. When this inequality is satisfied, the fast particle potential
energy,δŴfast, is positive and sufficiently large for the values of the alpha particle pressure
expected in ITER that it competes againstδŴcore. In the opposite limit,δŴfast becomes
negligibly small (and negative).

In table 2, we present a comparison of the relevant microscopic parameters for ITER
and JET (see also appendix A for ITER parameters). As an order of magnitude estimate,
we takes1 ≈ 0.5 andδŴ ∼ δŴmhd ∼ ε2

1β
2
p1, where

βp1 = (8π/B2
p1)[〈p〉1 − p(r1)] (12)

and〈〉1 denotes volume averaging within theq = 1 surface (βp1 = 0 for a flat pressure profile
up to theq = 1 surface; note thatβp1 is defined in terms of thetotal, i.e. core + alpha

pressure). Considering relatively peaked pressure profiles, typical values of theq = 1
poloidal beta parameter in ITER can reachβp1 ≈ 0.5. The main conclusion from this
comparison is that, while the microscopic lengths are about the same in ITER as in JET,
the relevant dimensionless parameters are such that−δŴ in ITER tends to be larger than
−δŴcrit when the pressure profile becomes peaked, while normallyδŴ ∼ δŴcrit in JET. This
is mainly a consequence of the larger dimensions of ITER compared with JET. Therefore,
the m = 1 linear stability threshold in ITER should depend mainly on the physics that
determinesδW and less importantly on layer physics and magnetic reconnection, while
these factors are normally of equal importance in present day tokamaks.

These conclusions are also supported by a preliminary study ofm = 1 stability in ITER,
whose main findings have been reported in [30], which indicated that ideal MHD internal
kink modes would be unstable with large growth rates,γmhd ∼ 10−2τ−1

A , if one allowed for
relatively peaked pressure profiles, monotonically increasingq profiles withq0 ∼ 0.8 and
values of theq = 1 radius reaching 50% of the plasma minor radius. In addition, finite ion
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Larmor radius stabilization would be ineffective, while the largest growth rates could not be
suppressed by the fast alpha particles. The main reason for these high internal kink growth
rates lies with the high values of the global poloidal beta parameter,βp > 0.5, and wide
q = 1 radii used in the study. However, this preliminary study assumed plasma profiles
not determined by transport, so that no prediction of realistic sawtooth periods in ITER was
given.

Table 2. Reference values of the relevant microscopic parameters in ITER and JET.

ITER JET

S 5 × 109 1 × 108

r1 150 cm 40 cm
ρi 0.4 cm 0.3 cm
δη 0.1 cm 0.1 cm
de 0.05 cm 0.1 cm
−δŴ ∼ ε2

1β2
p1 1 × 10−2 4 × 10−3

ρ̂ 2.5 × 10−3 8 × 10−3

ω∗iτA/2 1× 10−3 2 × 10−3

3. Stability threshold

The following stability criterion has been implemented in the PRETOR code. Sawtooth
crashes are triggered when one of the following conditions is met:

−δŴcore > chωDhτA (13)

−δŴ > 0.5ω∗iτA (14)

−cρρ̂ < −δŴ < 0.5ω∗iτA and ω∗i < c∗γρ. (15)

We note that the auxiliary conditionωDh > ω∗i is easily satisfied in ITER when the fast
ions have energies of a few hundred keV. The inequalityω∗i < c∗γρ can be transformed
into a critical shear criterion for instability:

s1 > scrit = α(S1/3ρ̂)1/2(βi1R
2/r̄2

1)7/12(r̄1/rn)(r̄1/rp)
1/6 (15a)

whereα = 1.5c
−7/6
∗ [τ/(1 + τ)]7/12, βi1 is the ion toroidal beta at theq = 1 surface,rp

is the pressure scale length andrn is the density scale length. It is important to remark
that the threshold condition (15) strictly applies only to the semicollisional regime, which
is considered as appropriate for projected ITER discharges.

The numerical factorsch, cρ and c∗ are of order unity. These factors depend on
the plasma parameters and profiles, so that their precise evaluation requires an accurate
knowledge of the plasma equilibrium. Assuming a practical viewpoint, we have fixed these
factors at the average values they attain for the expected parameters of standard ITER
operation. In particular, we have chosen

ch = 0.4 cρ = 1 c∗ = 3. (16)

The evaluation ofδŴ also requires numerical analysis, in particular the use of a toroidal
MHD stability code. However, even though feasible, it is impractical to interface such a
code with a transport code. In fact, given the uncertainties associated with the plasma
profiles that will be realized in the actual ITER experiments and with the sawtooth trigger
model, it is adequate for a first effort to use an analytical approximation forδŴ , details of
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which are given in appendix B (work is in progress to use aδW code interfaced with the
PRETOR transport code in a post-processing mode).

The stability threshold we have presented can be used to analyse the possibility of
sawtooth control by means of fast ions, either arizing from neutral beam injection or by
thermonuclear reactions, and by means of current drive. The influence of fast particles is
explicitly taken into account by the stabilizingδŴfast term [11, 16]. As far as current drive
is concerned, we point out that all the terms in equations (13) and (14) depend upon the
q profile. Reducing the magnetic shear around theq = 1 surface has a stabilizing effect on
two counts: firstly, it becomes easier to satisfy the criterions1 < scrit for stable operation,
which is relevant whenδŴ < ρ̂ and the density profile is relatively peaked; secondly,
δŴ is inversely proportional to the local magnetic shear through the normalization factor
in equation (8), so that for positiveδŴ the stable domainδŴ > ρ̂ can be accessed by
reducings1. Indeed, the present sawtooth model can account for the influence of localized
minority current drive on the sawtooth period observed in recent JET experiments [12].

The collisionless analogue [23] of the critical shear criterion(15a) was shown recently
to correlate very well with the onset of sawteeth in TFTR supershot discharges [31] (ITER
is expected to be in the semicollisional regime). We note that this criterion is more relevant
for discharges with peaked density profiles, such as supershot discharges. However, the
critical shear is only weakly dependent on the temperature scale length [see the last factor
in equation(15a)]. Thus, for H-mode operation, where the density profile tends to be
rather flat,scrit is very small and the criterion(15a) (or its collisionless analogue) becomes
irrelevant.

As a final remark, we point out that parallel dynamics and neoclassical effects, which
were analysed in [20, 21] in the limit where the ion Larmor radius is smaller than the
reconnection layer width, are not taken into account by the threshold criterion given
above. The importance of these effects in the more relevant semicollisional regime is
being investigated at present.

With these limitations, we will see that for ITER the effective condition for triggering
the sawtooth crash is close toδŴ < 0, or, to put it more precisely,δŴcrit is smaller than
the typical size of the terms making upδŴ , in particularδŴfast andδŴKO.

4. Relaxation model

The theoretical determination of the relaxed profiles after a sawtooth crash is still an open
question. According to the Kadomtsev relaxation model [32], them = 1 magnetic island
associated with the internal kink mode grows until it fills the entire plasma volume bounded
by the mixing radius(defined below),rmix. The relaxedq profile equals unity on the new
magnetic axis and is larger than unity elsewhere. This model is often referred to as the
complete reconnection model.

Unfortunately, Kadomtsev’s model is not always consistent with experimental data,
even though observations from different tokamak experiments are somewhat conflicting. In
some experiments,q0, the value ofq on-axis, remains well below unity after a crash [see,
e.g. 33–37], while in other experiments it does not depart significantly from unity [see, e.g.
38, 39]. In TEXTOR [33] and JET [34, 36, 37] experiments whereq0 remains below unity,
there is evidence of the formation of a shoulder of low magnetic shear in the vicinity of the
new q = 1 surface after a crash. For instance at JET, observations of the so-calledsnake
behaviour after a sawtooth crash indicates an off-axis region several centimetres wide with
very low magnetic shear andq very close to unity, while a roughly 50% contraction of the
radial position of the snake suggests a similar reduction of theq = 1 radius after a crash.
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This structuredq profile, together with the observed flattening of the pressure profile up to
the mixing radius, are consistent with the theoretical requirement that the relaxed plasma
state be stable with respect tom = 1 modes. In fact, as we have discussed in section 3,
δW is positive when the pressure is flat within theq = 1 radius, while low magnetic shear
at theq = 1 surface makesδW relatively large, allowing access into the stable domain for
m = 1 modes even thoughq0 is below unity. On the other hand,q profile measurements on
TFTR do not reveal the presence of a low shear shoulder, even thoughq0 remains below
unity throughout the sawtooth cycle [35].

In the absence of conclusive theoretical or experimental evidence on the relaxed state,
we have adopted the following point of view. It is reasonable to conjecture that the sawtooth
reconnection process always starts with the growth of anm = 1 island. However, instead of
undisturbed island growth as in Kadomtsev’s model, we assume that widespread magnetic
turbulence develops as the island reaches a critical width. This magnetic turbulence may
come about because of the coupling of them = 1 mode with the poloidal modulation of the
equilibrium profiles [40], or possibly because of the secondary instability of modes, such
as tearing-parity resistiveg-modes [41], triggered by the large pressure gradients that form
across the separatrix of the quickly growingm = 1 island.

Based on this conjecture, we propose in this section a heuristic model of incomplete
sawtooth reconnection, which is of value in testing the sensitivity of the sawtooth period to
variations of the relaxedq profile. The model depends on a single free parameter, which
can be taken to be the critical island width for the onset of widespread magnetic turbulence.

Before introducing this heuristic model, it is useful to review briefly Kadomtsev’s
relaxation model. For the sake of simplicity, the cylindrical approximation is used in
the discussion that follows. The formulae can be easily generalized to toroidal and shaped
plasmas.

4.1. Kadomtsev model [32]

Kadomtsev’s complete reconnection model is based on the following assumptions:
(1) Magnetic surfaces of equal helical flux,ψ∗, reconnect. In cylindrical approximation,

the helical flux is defined as

ψ∗(r) =
∫ r

0
B∗(r ′) dr ′ (17)

whereB∗ = Bϑ − rBϕ/R.
(2) The toroidal flux,ψT, is conserved during reconnection.
In cylindrical approximation, neglecting corrections of order(r/R), so thatBϕ ≈ Bϕ0 =

constant,R ≈ R0 andq(r) ≈ rBϕ/RBϑ , normalized fluxes read

ψ̂∗(r
2) ≡ R

2Bϕ

ψ∗(r
2) =

∫ r2

0
(q−1 − 1) dr ′2 (18)

ψ̂T(r2) ≡ 1

2Bϕ

ψT(r2) = r2. (19)

Within this approximation, the toroidal flux constraint corresponds to the conservation of
the cross-sectional area between reconnecting surfaces. In the remainder of this section, we
use the normalized fluxes but drop the hat notation.

Figure 1(a) is a typical pre-crash profile ofψi
∗(r), where the superscript ‘i’ stands for

initial . The correspondingq profile is shown in figure 1(b). The maximum ofψi
∗(r)

corresponds to theq = 1 surface. In this section, we denote theq = 1 radius byrs, while
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Figure 1. Magnetic helical flux and winding index before and after a complete reconnection
process, according to the Kadomtsev model: (a) Helical flux function before (ψi

∗) and after
(ψf

∗) the sawtooth crash. (b) Magnetic winding index before (q i ) and after (q f ) the sawtooth
crash.

the notationr1 is used to indicate an arbitrary radius withinrs. Clearly, for eachr1 there is a
radiusr2 > rs such thatψi

∗(r1) = ψi
∗(r2). These two surfaces reconnect during the sawtooth

crash. Anm = 1 island grows, as shown in figure 2, in such a way that each flux surface
within rs shifts until it touches the surface outsiders having equal helical flux. Thus at each
time during the reconnection process, the separatrix of them = 1 magnetic island can be
viewed as being formed by two initial flux surfaces related to each other through the helical
flux condition (see figure 2(b)). As a consequence of the toroidal flux constraint, the area,
AX, enclosed by the separatrix equals that of the annular region between the initial positions
of the two reconnecting surfaces, i.e.AX = π(r2

2 − r2
1). Thereafter, the reconnected surface

deforms into a croissant-shaped surface (figure 2(c)), always maintaining a constant area.
Eventually, when the reconnection process is completed and poloidal symmetry is restored,
each reconnected surface becomes a circle of radiusrK (figure 2(d)) such thatπr2

K = AX,
or

r2
K = r2

2 − r2
1 . (20)

If we denote byψf
∗(r) the relaxed helical flux (superscript f= final), we have clearly

ψf
∗(rK) = ψi

∗(r1) = ψi
∗(r2). (21)

The magnetic axis of the initial configuration reconnects with the flux surface atr = rmix,
such that

ψi
∗(0) = ψi

∗(rmix). (22)

This latter formula defines the mixing radius. Observe that according to this theory the
initial magnetic axis disappears, while the axis of the relaxed configuration corresponds to
the O-point of the expandingm = 1 magnetic island.

Following these considerations, it is possible to determine the relaxed helical flux
function andq profiles entirely from the initial profiles. A graphic reconstruction is shown
in figure 1. Theq profile is modified forr 6 rmix. The relaxedq f(r) hasq = 1 on axis and
increases slowly with radius. A discontinuity atr = rmix generally appears, corresponding
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Figure 2. Magnetic surfaces during a complete reconnection process, according to the
Kadomtsev model. (a) Helical flux surfaces before reconnection starts. (b) The flux surface
originally at r = r1 reconnects with the flux surface originally atr = r2. (c) At a later time,
the island separatrix of (b) has deformed into a croissant-shaped surface, maintaining a constant
areaAX. (d) Reconnection is completed, with the original magnetic axis reconnecting with the
surface atr = rmix. The new axis is the O-point of them = 1 magnetic island.

to a negative current sheet, which decays rapidly because of resistive diffusion during the
early part of the subsequent sawtooth ramp.

4.2. Incomplete relaxation model

In order to account for the possibility of incomplete reconnection, let us discuss the following
heuristic model. We assume that the reconnection process starts as in Kadomtsev’s theory.
An m = 1 island grows and surfaces of equal helical flux reconnect. As the island reaches
a critical width,wcrit, widespread magnetic turbulence develops. With reference to figure 3,
we can identify the magnetic surfaces of radiir1 and r2 such thatψi

∗(r1) = ψi
∗(r2) and

r2 − r1 = wcrit/2.
At this point, two assumptions are made: (i) the inner core region and the critical island

region are relaxed according to different rules, as described below; (ii) poloidal symmetry
is restored in the relaxed state, with a new magnetic axis being formed.

The relaxation rules are as follows. The inner core undergoes a Taylor relaxation process
[41], which preserves the helicity of the initial flux surface of radiusr1,

K(r1) ∼
∫ r1

0
q−1r3 dr. (23)

The resultingψf
∗(r) is a parabolic function of radius betweenr = 0 and r = r1, which
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Figure 3. Magnetic surfaces during an incomplete reconnection process. (a) Helical flux surfaces
before reconnection starts. (b) The flux surface originally atr = r1 reconnects with the flux
surface originally atr = r2, at which point a critical island width,wcrit = 2(r2 − r1), is attained.
(c) Poloidal symmetry is restored, withq f piece-wise constant in the two intervals 06 r 6 r1 and
r1 6 r 6 r2. Subsequent resistive diffusion rapidly smoothes out the current sheets associated
with the jumps in theq profile, yielding the final profile indicated in the figure.

corresponds to a flatq f(r) = q f
0
< 1 for 0 6 r 6 r1, where

1

q f
0

= 4

r1

∫ r1

0

r3dr

q
. (24)

On the other hand, it is reasonable to assume that the reconstructed surfaces within the
island region all have the same helical flux,

ψf
∗ = constant = ψi

∗(r1) for r1 < r 6 r2 (25)

which implies thatq f(r) = constant = 1 in that radial interval. The mixing radius isr2,
which is larger than the originalq = 1 radius but is smaller than the mixing radius predicted
by Kadomtsev’s full reconnection theory. The critical island widthwcrit is the only free
parameter in the model.

This heuristic model predicts the formation of two current sheets, atr = r1 and at
r = r2, which diffuse rapidly away in the early stage of the subsequent sawtooth ramp. The
resultingq profile after the diffusive phase hasq0 < 1 and a shoulder of low magnetic shear
aroundq = 1, whose good stability properties againstm = 1 modes have been mentioned
previously. The initial and relaxedψ∗ andq profiles are shown in figure 4.
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Figure 4. Magnetic helical flux (a) and winding index (b) before and after an incomplete
reconnection process.

Particle and energy transport across the stochastic field region is very fast. Therefore,
it is assumed that the relaxed density and temperature profiles become flat up to the mixing
radius,r2, with a central value consistent with total energy and particle conservation.

5. ITER sawtooth simulations

We present preliminary simulations of the sawtooth period in ITER based on the PRETOR
transport code and the proposed sawtooth model. All cases shown correspond to ignited
scenarios, where a significant number of fast alpha particles from fusion reactions are
present. The main plasma parameters are [3]:a = 2.80 m, R = 8.14 m, BT = 5.68 T,
Ip = 21 MA, κ = 1.6, fusion power= 1.5 GW.

In the first of these simulations, theq profile after each sawtooth crash is relaxed
according to the Kadomtsev complete reconnection model [32]. The temperature and density
profiles are flattened up tormix to a value corresponding to particle and energy (magnetic
plus thermal) conservation.

In figure 5, repetitive sawtooth oscillations with a period of about 140 s are shown.
figure 5(a) compares the values ofγcoreτA ≡ −δŴcore and of chωDhτA. It is clear from
this figure thatδŴcore is negative for about 50% of the sawtooth ramp. On the other hand,
the inequality−δŴcore < chωDhτA is always satisfied. The results of this representative
simulation indicate that the core plasma becomes unstable to internal kink modes early
during the sawtooth ramp, but the alpha particles act to suppress the instability. Indeed,
the modified potential energy,δŴ = δŴcore + δŴfast, is positive throughout the sawtooth
ramp, as indicated in figure 5(b). One concludes that the relevant threshold for the onset of
the sawtooth crash isδŴ = ρ̂ in this example. Values ofδŴ < ρ̂ cannot be stabilized by
diamagnetic frequency effects because of the rather flat density profile assumed in this
simulation, which is intended to reproduce an H-mode discharge. Indeed, the critical
magnetic shear introduced by diamagnetic effects is very low, ands1 is well aboves1,crit

during most of the sawtooth ramp. Sinceρ̂ is small the trigger point is not far fromδŴ = 0.
Figure 5(c) shows the breakdown of the various terms constituting the potential energy

functional. The MHD term is separated into the part corresponding to a circular cross
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(a) (b) (c)

Figure 5. Behaviour of relevant parameters during simulated sawteeth in ITER. (a) Comparison
between the value ofγcoreτA ≡ −δŴcore and of chωDhτA as a function of time. It is clearly
seen that the requirement−δŴcore < ChωDhτA is always satisfied throughout the sawtooth
ramp. The curves have a discontinuity at the time of the sawtooth crash. (b) Comparison
between the modified potential energyδŴ = δŴcore + δŴfast and ρ̂ as a function of time.
The relevant threshold for the onset of the sawtooth crash is−δŴ > −ρ̂; when this condition
is met in the simulation a sawtooth crash is triggered. The sawtooth period thus estimated
is about 150 s. (c) Breakdown of the different terms forming the modified potential energy:
δŴ = δŴBussac+ δŴelongation+ δŴKruskal–Oberman+ δŴfast displayed as a function of time. The
contribution from fast alpha particles is the dominant term.

section plasma, indicated byδWBussac, and the part due to cross sectional shaping,δWel (see
appendix B). The fast particle term,δWfast, and the Kruskal–Oberman term,δŴKO, dominate
over the MHD terms; however, the kinetic terms decrease rapidly as a function of time
because of the expandingq = 1 region during the sawtooth ramp. The Kruskal–Oberman
term, δWKO, is important especially at the beginning of the ramp, when theq profile is
still rather flat and close to unity (cf the analytic expression forδWKO in appendix B). It
is clear from this figure that the ideal MHD potential energy is not a good indication of
internal kink stability in ITER, as the kinetic contributions toδW are dominant. Indeed, on
the basis of ideal MHD stability, a sawtooth crash would be predicted very early during the
sawtooth ramp, leading to sawtooth periods of about 1 s, i.e. of the order of the pressure
peaking time, and hence very low amplitude sawteeth.

Figure 6(a) shows the profiles of temperature and figure 6(b) theq(r) profiles just before
and just after a sawtooth crash for the simulated sawteeth of figure 5. The density profile
remains flat throughout the sawtooth period and the mixing radius is located at about 65%
of the minor radius.

We have also studied variants of the above scenario. We find that the mixing radius
can be reduced to 50% of the minor radius by decreasing the plasma current to 18 MA and
by adding 50 MW of off-axis current drive.

In the second type of simulations, we have studied the sensitivity of the sawtooth
period to variations in the amount of reconnected flux at the sawtooth crash, according to
the heuristic model of incomplete reconnection discussed in the previous section.

The main result of this second set of simulations is shown in figure 7, where the sawtooth
period is shown as a function of the parameter(r2 − r1)/rmix = wcrit/2rmix, with rmix the
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Figure 6. Relaxed profiles for the sawteeth of figure 1. (a) Electron temperature profiles before
and after the sawtooth crash (the ion temperature is predicted to be approximately equal to the
electron temperature throughout the radial profile). The mixing radius is found to be 65% of the
minor radius. (b) Evolution of the magnetic winding index profile before and after the sawtooth
crash. The evolution is simulated assuming full Kadomtsev reconnection.

Figure 7. The sawtooth period as a function of the parameter(r2 − r1)/rmix, according to the
heuristic incomplete reconnection model. The open circle corresponds to the sawtooth period
assuming Kadomtsev relaxation.

Kadomtsev mixing radius as defined in equation (22). We find 100 s> τsaw > 40 s in the
realistic range of values of 1> (r2−r1)/rmix > 0.5. Thus, the sawtooth period is somewhat
reduced compared with the case of Kadomtsev relaxation, although it remains long on the
energy confinement timescale. Note that in the limit(r2−r1)/rmix → 1 the relaxedq profile
is flat and equal to unity, so it differs from Kadomtsev’s relaxed profile, for which normally
q(r) > 1 except on-axis. Therefore, in this limit, the sawtooth period is shorter than would
be obtained by Kadomtsev’s model. An example of the simulatedq profile before and after
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the sawtooth relaxation is shown in figure 8 for(r2 − r1)/rmix = 0.8.

Figure 8. The q profile before (dashed curve) and after (solid curve) a sawtooth crash, for
(r2 − r1)/rmix = 0.8.

Similar results for the sawtooth period have also been obtained with the use of an
alternative relaxation model recently implemented in the TRANSP code for the simulation
of TFTR discharges [42]. The main difference between our heuristic relaxation model and
that used in TRANSP is that the TRANSP model does not introduce a shoulder in the
relaxedq profile, but simply interpolates between the pre-crash profile and the Kadomtsev-
relaxed profile using a weighting factor representing the percentage of reconnected flux,
100% corresponding to Kadomtsev’s full reconnection. Values ofτsaw similar to ours are
obtained in the range of 40% to 100% of reconnected flux.

In these simulations, the sawtooth period is roughly determined by the time it takes for
theq = 1 radius to expand from the relaxed value to about 50% of the plasma minor radius,
when alpha particle stabilization is no longer effective. This time is obviously shorter when
incomplete reconnection occurs; however, the period remains much longer than the energy
confinement time owing to the separation of scales between the resistive diffusion time and
the energy confinement time in ITER. We recall that the global resistive diffusion time in
ITER is between 103 s and 104 s. To the extent thatτsaw � τE, the pressure profile peaks
and saturates between crashes, while the mixing radius becomes rather large. This large
amplitude crashes are a reason of concern. Ways to actively induce more frequent crashes
appear desirable.

We have also investigated the possibility of delaying the onset of sawteeth by applying
early heating. We find that by applying heating 20 s before the current flat top, a sawtooth-
free period of more than 500 s can be achieved, as shown in figure 9(a). Figure 9(b)
illustrates the time evolution of theq profile for this case. The first sawtooth crash has a
normalized mixing radius of about 66%. Clearly, this result is independent of the relaxation
model.
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Figure 9. Delay of the onset of sawteeth with early auxiliary heating. (a) Waveform for a
possible ITER scenario where auxiliary heating (up to 100 MW) is applied 20 s before the
beginning of the current flat top. The fusion power is maintained at 1.5 GW fromt = 180 s
onward. A sawtooth-free period of more than 500 s is visible on the internal inductance (`i )
trace where the first sawtooth crash is clearly visible. (b) The delay in the onset of the sawtooth
activity is understood by plotting the profiles of the magnetic winding index profile as a function
of time (here one profile every 100 s). It is seen that the central value of the safety factor can
be maintained at> 1 for a long period of time owing to the slow current penetration resulting
from the high electron temperatures.

6. Discussion and conclusions

In this paper, we have introduced a criterion for the onset of the sawtooth crash and
a heuristic prescription for the relaxed profiles after the crash. These features can be
implemented in a transport code in order to obtain a simulation of the sawtooth period and
amplitude in tokamak experiments.

The criterion for the onset ofm = 1 internal kink modes, which are responsible for
the sawtooth crash, involves a potential energy functional,δW , which is calculated taking
into account the kinetic modifications related to the fast particles and to the thermal trapped
ions in the neoclassical banana regime. Them = 1 stability threshold can be written as
δW = δWcrit, whereδWcrit is determined by nonideal effects in a reconnection layer near the
q = 1 surface. This threshold criterion is sensitive to beta poloidal, the size of theq 6 1
region, the local (q = 1) magnetic shear, fast particles, trapped ions, high temperature
(semi-collisional) kinetic effects, plasma profiles and plasma shaping.

At present, no conclusive (theoretical or experimental) evidence on the relaxed profiles
after sawtooth crashes is available. Therefore, we have introduced a heuristic model for the
relaxedq profile, which depends on a single free parameter, namely the critical width,wcrit,
attained by them = 1 magnetic island during the relaxation process. Full reconnection
corresponds to the case where this width is as large as twice themixing radius, rmix, defined
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by equation (22). When this is assumed to occur, our prescription yields a relaxedq profile
which is flat and equal to unity forr 6 rmix. Values ofwcrit < 2rcrit are meant to represent
cases with incomplete reconnection that are sometimes observed experimentally. For these
cases, our heuristic model is such thatq on axis remains below unity, while a shoulder
of width about wcrit/2, whereq ≈ 1, characterizes the relaxed profile. Alternatively,
Kadomtsev theory has also been used for the fully reconnected case.

In the ITER simulations reported in this paper, our approach has been that of studying
the sensitivity of the sawtooth period and amplitude to variations in the relaxedq profile,
i.e. to different choices ofwcrit, with Kadomtsev’s prescription providing a reference
case.

We find that the ideal MHD approximation is inadequate in determining the sawtooth
threshold and thus the sawtooth period for ITER plasmas. Indeed, for typical ITER
parameters,m = 1 internal kink modes are found to be ideal MHD unstable soon after
q drops below unity. Therefore, predictions based on the ideal MHD model would give
sawtooth periods in ITER on the order of a second or less. Instead, taking into account in
particular the contribution of the fusion alpha particles, sawteeth are stabilized transiently
for periods of the order of 100 s in our simulations. The sawtooth-free period is longer
when Kadomtsev’s relaxation model is used, and is reduced in proportion towcrit/2rmix for
cases of incomplete reconnection. The sawtooth-free period is limited by the expansion of
the q = 1 radius, and the relevant instability threshold,δŴ = ρ̂, is crossed whenr1/a

reaches a value of about 0.5. The corresponding mixing radius for these crashes can be as
large asrmix/a ≈ 0.7.

The experimental validation of the proposed sawtooth model requires more work.
However, we may quote a number of experimental observations that are consistent with
our model.

First, there is experimental evidence, most notably from TEXTOR [33] and from JET
[34, 36, 37] plasmas, that when the reconnection process is incomplete andq on axis remains
below unity, a shoulder of low magnetic shear forms in the relaxedq profile. In particular,
pellet injection experiments on JET [36, 37] show a contraction of the radial position of the
so-calledsnake(a coherent, high-density plasma structure which is poloidally and radially
localized on theq = 1 surface) following a sawtooth crash, which is indicative of a similar
reduction of theq = 1 radius. On the other hand, a shoulder formation is not readily
apparent in TFTR discharges [35]. It should be stressed, however, that a shoulder formation
is not intended here to be a permanent feature of theq profile, but rather this feature should
resistively diffuse away during the sawtooth ramp.

Secondly, previous experience of sawtooth simulations at JET support the theoretical
picture presented here. The timescale of 100 ms for the sawtooth period in JET ohmic
discharges was consistent with the two-fluid threshold for internal kink modes [25], which
is also recovered from the threshold given in this paper when fast particles and thermal
trapped ions are absent. In addition, the sensitivity of the sawtooth threshold and period to
localized current drive affecting the local (q = 1) magnetic shear and to the presence of
fast ions is well corroborated experimentally [11, 12].

In this respect, we point out that the simulated sawteeth in ignited ITER discharges,
where the fraction of the alpha particle pressure is relatively large, show a marked
resemblance withmonstersawteeth in JET experiments where MeV ions are produced by
intense ICRF heating. Indeed, an extrapolation of the monster period from JET experiments
provides an interpretation of the 100 s timescale for ITER sawteeth in our simulations. The
relevant observation is that the fast particle pressure can suppressm = 1 modes as long as
theq = 1 radius does not exceed about 50% of the plasma minor radius (see, e.g. figure 13
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of [11]). Now, for typical JET cases, theq = 1 radius (as estimated by the observed
sawtooth inversion radius) expands fromr1 6 30 cm to r1 ≈ 50 cm during a monster
period. The rate of expansion is dr1/ dt ≈ 6 cm/1 s (see figure 16 of [11]), giving the
observed timescaleτsaw ≈ 3 s for monster sawteeth at JET.

Turning now to ITER, the resistive diffusion time in this experiment is two orders of
magnitude larger than at JET. Hence, for comparable values ofqψ, δWcore and δWfast, 3 s
at JET extrapolates to O(100 s) in ITER. More specifically, in the example of figure 5,
starting from a Kadomtsev relaxedq profile, theq = 1 radius grows at the rate of 1–
2 cm s−1 and them = 1 threshold is reached after about 140 s. Clearly, the sawtooth
period is shorter when incomplete reconnection occurs. Our simulations indicate that the
range 50 s6 τsaw < 140 s is credible for ignited ITER discharges.

A necessary improvement to the present sawtooth model is a more refined computation
of the parameterδŴmhd. In principle, this parameter can be evaluated numerically with the
help of a toroidal MHD stability code. However, given the uncertainties in the predicted
profiles, a very precise numerical computation seems unnecessary. For the present purposes,
we have used an analytic approximation toδŴmhd based on a large aspect ratio expansion
(see appendix B). A possible improvement is to derive a numerical fit toδŴmhd that captures
the relevant scaling, obtained in a restricted range of parameters that are relevant for most
ITER discharges, as suggested at the end of appendix B.

We discuss briefly two issues related to the occurrence of peaked pressure profiles when
the sawtooth period significantly exceeds the energy confinement time. These are the issues
of fishbone oscillations driven by the alpha particle pressure gradient and the possibility of
localized interchange modes driven by unfavourable curvature and bulk pressure gradients
in the plasma region whereq 6 1.

Alpha particle driven precessional drift fishbones become unstable when [11, 43]

β∗
pα > βfish

pα = 0.45s1ωDαε
−3/2
1 (26)

where the parameter

β∗
pα = − 8π

B2
p(r1)

∫ 1

0
dxx3/2 dp

dx
x = r/r1 (27)

depends on the alpha particle pressure gradient within theq = 1 surface. The instability
threshold is somewhat higher when thermal ion Landau damping is taken into account
[44]. However, we point out that the relevant frequency ordering for ITER parameters is
ω∗i < ω ∼ ωDα < ωbi, with ωbi the bounce frequency of the thermal trapped ions. In this
regime, ion Landau damping is not very effective [45] and its stabilizing influence in ITER
is weaker than previously estimated [46].

Theoretical indications are that precessional drift fishbones may become unstable in
ITER, especially if ignition is sought along the high-temperature branch of the POPCON
diagram. However, the prevailing consensus is that these modes would not change the
sawtooth picture significantly. Because of the relatively small banana widths compared
with the large plasma minor radius in ITER, the precessional drift fishbones are expected
to produce mild alpha particle diffusion, perhaps keepingβ∗

pα close to its marginal stability
value.

Concerning localized interchange modes, we observe that the ideal MHD Mercier
criterion for the stability of these modes is easily violated by modest pressure gradients
in the plasma region whereq 6 1. This circumstance led to postulation, in PRETOR
simulations of ITER discharges [3], that unstable short wavelength MHD activity would
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keep the pressure profile flat near the plasma centre up to theq = 1 radius. If this occurs,
then the drive for large sawteeth would be removed.

However, our point of view is that kinetic effects can substantially modify the ideal
MHD Mercier criterion, allowing stability of peaked pressure profiles, in a way similar to
the enhanced stability of internal kink modes. While high-m localized interchange modes
can be stabilized by finite Larmor radius effects, intermediate-m modes can be suppressed
by fast ions. Indeed, a large aspect ratio, analytic calculation, in the limit of low central
shear, but considering the finite elongation of the central flux surfaces, yields the modified
Mercier criterion in the presence of alpha particles close to the centre,

1

4
+ 8πrp′

s2B2

{
3

4
(κ − 1) − 1√

2π

(
R

r

)1/2
p′

α

p′

}
> 0 for stability (28)

wheres = (r/q)(dq/dr), p′
α = dpα/dr and κ(r) is the elongation of the flux surface of

mean radiusr.
Now, the alpha particle pressure can be expressed self-consistently in terms of

the background plasma pressure. Taking the fusion reaction rate to be approximately
proportional to the square of the thermal plasma temperature (assumed to be equal for
electrons and ions), and assuming a temperature profileTi = T0(1 − r2/a2)σ and a flat
thermal density profile, we findp′

α/p′ ≈ (7pα0/2p0)(1 − r2/a2)5σ/2, where the subscript
‘0’ indicates central values. When this expression is used in equation (28), we find that
alpha particles can suppress localized interchange modes at values ofpα0/p0 ≈ 0.1, which
are realistic for ITER parameters.

We point out that similar remarks may apply also to ICRF heated JET discharges,
where the fast ions can account for the stabilization of both internal kinks and localized
interchange modes, in spite of the fact that the experimentally observed peaked pressure
profiles often violate the ideal MHD stability criterion for both kinds of modes. A more
detailed discussion of the kinetic modifications of the Mercier criterion will be presented
elsewhere.

In conclusion, we have presented a model for the sawtooth period and amplitude in high
temperature tokamak discharges. The first simulations indicate that sawtooth suppression by
alpha particles can occur transiently in ITER for periods of the order of 100 s. These periods
are terminated by large crashes with a mixing radius easily exceeding 50% of the plasma
minor radius. Our model is rather preliminary and directions for possible improvements
have been indicated.

One question that is left unanswered in this report is the desirability of transient sawtooth
suppression in ITER. On one hand, the ignition margin for ITER—derived in [3] under the
conservative assumption that central profiles would be flattened in the case of frequent
sawtooth activity—would be increased further if sawteeth were stabilized because of the
more peaked pressure profiles normally observed during long sawtooth-free periods. On the
other hand, we cannot say at present whether good confinement can persist after a sawtooth
crash with a large mixing radius. It appears that this very important question can only be
answered byad hocexperiments in existing tokamaks, that would operate simultaneously at
high βN > 2 and lowq95 ≈ 3. This is one purpose of the ITER Demonstration Discharges
experiments which are currently being undertaken on all major tokamaks world-wide.

In view of these uncertainties, it is desirable to develop active means of sawtooth control
in ITER, in particular ways to avoid sawteeth or to trigger them at low amplitude by external
methods such as current drive. A simple approach would be to freeze inq(0) > 1 profiles
by heating during the current ramp-up. Our first simulations indicate that sawteeth can be
delayed up to 500 s by this technique.



2182 F Porcelli et al

Acknowledgments

The authors acknowledge useful discussions with T Antonsen, H L Berk, A Bondeson,
B Coppi, J W Connor, G J Cordey, C G Gimblett, R J Hastie, G Huysmans, S Migliuolo,
F Romanelli, S E Sharapov and L Zakharov. One of the authors (FP) would like to thank
the ITER co-centre in San Diego, CA, USA, where part of this work was carried out
under a VHTP contract (NET-ERB5000-CT94-0007), and Drs F Engelmann, F Perkins and
S Putvinskii for their interest and support.

Appendix A: Referencem = 1 stability parameters

In this appendix, we list reference values for the relevantm = 1 stability parameters. It
should be borne in mind that some of these parameters will evolve significantly in time
during the discharge evolution.

Dimensions:
Major radius R = 8.14 m
Minor radius a = 2.80 m
Elongation (edge value) κ = 1.6

Field and current:
Toroidal magnetic field BT = 5.68 T (maximum)
Plasma current Ip = 21 MA (maximum)
Safety factor qψ ∼ 3

Plasma density and temperature:
Peak electron density n0 ∼ 1020 m−3

Peak temperature T0 ∼ 20 keV
Normalized toroidal beta βN > 2

Derived quantities:
Global poloidal beta βp ∼ 0.5
(βp ≡ 8π〈p〉a/B2

pa)
Toroidal beta(β ≡ 8π(pe0 + pi0)/B

2)

β = 6.3 × 10−2

(
n0

1020m−3

)(
T0

20 keV

)(
B

5.7 T

)−2(1 + pi/pe

2

)
Averageq = 1 radius r̄1 ∼ 1.6 m
q = 1 inverse aspect ratio (ε1 = r̄1/R) ε1 ∼ 0.2
Average ion-to-proton mass ratio (µ ≡ m̄i/mp) µ ∼ 2.5
Alfv én time (τA = √

3R/vA)

τA = 1.8 µs

(
µ

2.5

)1/2(
R

8.1 m

)(
B

5.7 T

)−1(
n0

1020 m−3

)1/2

Pressure scale length atq = 1 rp ∼ 3.1 m
(r̄p = |dp/dr̄|−1p, parabolicp)

Diamagnetic frequency (ω∗i = (cT /eBr̄1rp))

ω∗i =0.7 × 103 s−1

(
T0

20 keV

)(
B

5.7 T

)−1(
r̄1

1.6 m

)−1(
rp

3.1 m

)−1
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Thermal ion transit frequency (ωti = vthi/R)

ωti = 1.1 × 105 s−1

(
µ

2.5

)−1/2(
T0

20 keV

)1/2(
R

8.1 m

)−1

Electron collision frequency(
νe = 4(2π)1/2nλe4

3(me)1/2T
3/2

e

)
νe = 1.8 × 103 s−1

(
λ

18

)(
n0

1020 m−3

)(
T0

20 keV

)−3/2

α-particle prec. frequency (ωDα = cEα/4eBRr̄1; Eα = 3.5 MeV)

ωDα = 1.1 × 104 s−1

(
B

5.7 T

)−1(
R

8.1 m

)−1(
r̄1

1.6 m

)−1

Resistive diffusion time (τη = 4πr̄2
1/η‖c2)

τη = 1 × 104 s

(
T0

20 keV

)3/2(
r̄1

1.6 m

)2

Lundquist number (S= τη/τA)

S = 5.7 × 109

(
µ

2.5

)−1/2(
R

8.1 m

)−1(
B

5.7 T

)(
n0

1020 m−3

)−1/2(
T0

20 keV

)3/2(
r̄1

1.6 m

)2

Resistive kink growth rate (γη = s
2/3
1 S−1/3τ−1

A )

γη = 0.3 × 103 s−1

(
µ

2.5

n0

1020 m−3

)−1/3(
R

8.1 m

r̄1

1.6 m

)−2/3(
B

5.7 T

)2/3(
T0

20 keV

)−1/2

s
2/3
1

Resistive kink layer width (δη = s
−1/3
1 S−1/3r̄1)

δη = 0.09 cm

(
µ

2.5

n0

1020 m−3

)1/6(
R

8.1 m

r̄1

1.6 m

)1/3(
B

5.7 T

)−1(
T0

20 keV

)−1/2

s
−1/3
1

Inertial skin depth (de = c/ωpe)

de = 0.05 cm

(
n0

1020 m−3

)−1/2

Ion Larmor radius [ρi = (mc2T/e2B2)1/2]

ρi = 0.4 cm

(
µ

2.5

)1/2(
T0

20 keV

)1/2(
B

5.7 T

)−1

Semi-collisionalm = 1 growth rate,γρ = 1.1 (ρi/r̄1)
4/7S−1/7s

6/7
1 τ−1

A

γρ = 0.8 × 103 s−1

(
R

8.1 m

r̄1

1.6 m

)−6/7(
B

5.7 T

)2/7(
µ

2.5

)−1/7(
n0

1020 m−3

)−3/7

×
(

T0

20 keV

)1/14

s
6/7
1
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Appendix B: Analytical formulae for δW

The normalized potential energy functional,δŴ , is defined in equation (8). According to
this definition, whenδŴ is negative and relatively large so that layer physics effects play a
negligible role, the internal kink growth rate (disregarding neo-classical effects) reduces to
γ = −δŴτ−1

A .
Assuming a monotonically increasingq profile with a value on axis significantly below

unity, we have approximatedδŴ as the sum of four terms,

δŴ = δŴBussac+ δŴel + δŴKO + δŴfast (B.1)

whereδŴBussac+ δŴel = δŴmhd. The following expressions have been used.

(1) Ideal MHD Bussac term [14]

δŴBussac= −cMHDε2
1(β

2
p1 − β2

pc) (B.2)

whereε1 = r̄1/R is defined below equation (8),βp1 is defined in equation (12) (note that
βp1 is defined in terms of thetotal, i.e. core + alpha pressure),

cMHD = 9π

s1

(
li1 − 1

2

)
(B.3)

`i1 is the internal inductance at theq = 1 surface, and

βpc = 0.3[1 − (5r̄1/3ā)]. (B.4)

For a parabolicq profile with a small 1q = 1 − q0, we find cMHD ≈ 3π/2 and
`i1 ≈ 0.5 + (1q)/3.

These expressions were initially obtained for circular cross section tokamaks [14]. For
elongated cross sections, these expressions remain valid provided with[̄a] = (ab)1/2 the
average plasma minor radius andr̄1 = κ

1/2
1 r1, with κ

1/2
1 the elongation of theq = 1 surface.

In addition, shaping contributions such asδWel appear additively.

(2) Elongation term [15]

δŴel = −cel

[
κ1 − 1

2

]2

(B.5)

where

cel = 18π

s1

(
li1 − 1

2

)3

. (B.6)

For a parabolicq profile with a small1q, we find cel ≈ (π/3)(1q)2.

(3) Kruskal–Oberman term [19, 27]

δŴKO = 0.6cpε
1/2
1 βi0/s1 (B.7)

where cp = (5/2)
∫ 1

0 dx x3/2pi(x)/pi0, x = r/r1, pi(x) is the ion pressure profile,
pi0 = pi(0) is its peak value andβi0 is the peak ion toroidal beta. The coefficientcp

reduces to unity for a flat pressure profile. This expression assumes that the trapped thermal
ions behave as a collisionless species on the characteristic instability timescale, while the
thermal electrons are collisional and therefore not included in the expression forδŴKO. In
addition, the expression (B.7) applies to the relevant frequency regimeω∗i < ω < ωbi.
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(4) Fast particle term [16]

δŴfast = cf ε
3/2
1 β∗

pα/s1 (B.8)

whereβ∗
pα is defined in equation (32). The coefficientcf depends on the ratio between

the mode frequency and the fast particle precessional frequency. In the limitω � ωDh, cf
reduces to unity. The valuecf = 1 has been used in the simulations presented in this paper.

An improvement to the expressions above needs to be obtained by numerical work,
since these are based on the large aspect ratio approximation,a/R � 1. As it may be
impractical to interface a toroidal MHD code with a transport code for routine calculations,
we propose to use a numerical fit toδŴBussac+ δŴshaping= δŴmhd assuming the following
functional dependence as suggested by analytic expansions [14, 15]:

δŴmhd = −c1ε
2
1λi

[
32 + c2λi3 − σ(ε1)

]
− c3λ

3
i

(
κ1 − 1

2

)2

+ c4δ
2
1. (B.9)

In this formula,λi = li1 − 0.5, 3 = βp1 + 0.5λi and δ1 is the triangularity of theq = 1
surface. The constant coefficientsc1, c2, c3 and c4 can be obtained by a numerical fit
in the restricted range of parameters that are relevant for representative ITER discharges.
The q profile is assumed to increase monotonically with radius from an on-axis value
significantly below unity. We observe that equilibria with a relatively flatq profile close
to unity in the central plasma region should be stable tom = 1 modes asδŴKO andδŴfast

are positive and normally larger (by a factors−1
1 ) than theδŴmhd terms.
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